Abstract. Motivated by noncommutative geometry and quantum physics, the concept of 'metric operator field' is introduced. Roughly speaking, a metric operator field is a vector field on a set with values in self tensor product of a bundle of C*-algebras, satisfying properties similar to an ordinary metric (distance function). It is proved that to any such object there naturally correspond a Banach *-algebra that we call Lipschitz algebra, a class of probabilistic metrics, and (under some conditions) a (nontrivial) continuous field of C*-algebras in the sense of Dixmier. It is proved that for metric operator fields with values in von Neumann algebras the associated Lipschitz algebras are dual Banach spaces, and under some conditions, they are not amenable Banach algebras. Some examples and constructions are considered. We also discuss very briefly a possible application to quantum gravity.
Introduction
Let X be a topological space. Suppose that for every x ∈ X we are given a C*-algebra A x . Then a 'continuous field of C*-algebras on X' [4] is a C*-algebra A of functions f on X with f (x) ∈ A x which satisfy some specific continuity properties. Following Fell [6] , we call such functions 'operator fields'. In literatures the data A X := {A x } x∈X are commonly considered as a 'bundle of C*-algebras on X' and any operator field in A as a continuous section of that bundle. But in this paper we would like to consider A X as a 'generalized value system of numbers' (rather than ordinary value system of complex numbers) and A as a 'generalized function space on X'. There are many types of functions on a set that can be reformulated in order to take generalized values. One of them is the type of distance functions or metrics. Indeed, this paper is devoted to study metrics with generalized values. An ordinary metric on a set X is a function on X × X, with values in the ordinary system of numbers, which satisfies appropriate properties of a distance function. Suppose that we have a generalized system A X of values and try to formulate a concept for 'metric on X with values in A X '. Then it is natural to consider this metric to be a function D on X ×X such that for every x, x ′ , D(x, x ′ ) ∈ A x ⊗ A x ′ and such that D satisfies the analogues of positivity, triangle inequality and symmetry of an ordinary metric. (Another natural possibility which we do not study in this paper is to consider D as a function with values in free products A x ⋆ A x ′ .) In this note, we give a set of axioms for such a metric called 'metric operator field' (or 'mof' for abbreviation).
We associate to mofs some classes of Banach and C*-algebras and a class of probabilistic metric space. To any ordinary (compact) metric space X there associate a Banach *-algebra Lip(X) of Lipschitz functions, and an abelian C*-algebra C(X) of continuous functions on X. It is wellknown that Lip(X) is uniformly dense in C(X). We show that to any mof D there associate a Banach *-algebra Lip(D) of 'Lipschitz operator fields', and a C*-algebra C(D) of 'continuous operator fields'. The C*-algebra C(D) is defined to be the uniform closure of Lip(D) in the space of bounded operator fields. We remark the reader that C(D), in contrast to the classical case, can not be directly defined from D or its 'topology'. Also, we remark that the behavior and analysis of Lipschitz operator fields, because of their generalized values and more basically the appearance of tensor product in their definition (see Section 3), is very different from ordinary Lipschitz functions (that in our theory are called 'trivial Lipschitz operator fields'). One of our main results (Theorem 6.4) states that (under some conditions) C(D) is a nontrivial continuous field of C*-algebras in the sense of Dixmier. Indeed, one of our motivations is to supply a source of (nontrivial) continuous fields of C*-algebras. In this note, we also investigate some basic properties of the new class of Banach algebras Lip(D), but postpone the more study of the new class of C*-algebras C(D) to elsewhere.
The study of mofs was also motivated by mathematical physics: A mof D on X with values in A X can be interpreted as a 'bilocal quantum field of distance' where X denotes (physical) space (or more generally space-time) and A x denotes the algebra of (bounded) observables that can be measured at x or in an infinitesimal region of space-time around x. (In C*-algebraic approach to local quantum field theory [8, 9] there is associated to any region O of space-time a C*-algebra A O .
Then A x can be defined to be the inverse limit lim ← − A O over all regions O containing x.) Indeed, this view point to distance in quantum theory may be applied in very simple (or basic) models of Quantum Gravity. For instance, in [1] a quantum distance field has been constructed in the framework of path integrals. (This means that the mentioned quantum field is mathematically described by a probability measure on the set of all possible ordinary metrics on space-time.) Then it seems that the operator valued version of that quantum field has the form of a mof. (This latter quantum field can be constructed from the later one in a way that, for instant, explained in [7, Section 6.1] .) Also somewhat similar arguments as in [1] have been applied in [5] in order to construct some types of 'probabilistic metrics'. Analogously we will show that from any mof one can extract natural probabilistic metrics. We mention the readers that there are also strong relations between mofs and the concept of 'noncommutative metric' or 'quantum metric' in Noncommutative Geometry. See [10, 12, 13, 14] and references therein. In this view, a mof may be considered as a noncommutative metric on an ordinary space. We have plan to investigate the structure of mofs as quantum fields and noncommutative metrics elsewhere.
The plan of the paper is as follows. In Section 2, we introduce our main concept 'mof' and we consider some examples and related constructions. We also show that to any mof there are associated probabilistic metrics in a natural way. In Section 3, we define 'Lipschitz operator fields' and a Banach *-algebra called Lipschitz algebra associated to any mof. These are analogues of Lipschitz functions and Lipschitz algebra associated to an ordinary metric space. In Section 4, we consider some basic properties and examples of Lipschitz operator fields. In Section 5, we show that the Lipschitz algebra associated to any mof on a bundle of von Neumann algebras is a dual Banach space. This generalizes a famous result in the case of ordinary metric spaces. We also mention a little result on amanability of Lipschitz algebras. In Section 6, we show that associated to any mof there is a natural continuous field of C*-algebras which can be considered as the algebra of continuous operator fields.
Notations. Throughout any algebra has unit and any homomorphism preserves units. Topological dual of a Banach space E is denoted by E * . Spectrum of an element a in an algebra is denoted by σ(a). State space of a C*-algebra A is denoted by S(A) and its center by Z(A). Completed spatial tensor product of C*-algebras A, B is denoted by A ⊗ B. The notation A ⋆ B denotes free product [2] , i.e. coproduct in the category of unital C*-algebras and unit preserving homomorphisms. For a topological space X we denote by C(X) the C*-algebra of continuous bounded complex valued functions on X. Let (X, d) be a metric space. For a function f : X → C we let 
The main definition
Let X be a set. A 'bundle of Banach spaces' on X is a family E = {E x } x∈X of Banach spaces E x indexed by elements of X. We often denote this data shortly by E X . A 'vector field' on X with values in E (or shortly a vector field on E X ) is a map f : X → ∪E x such that f (x) ∈ E x for every x ∈ X. The vector space (with point wise operations) of all vector fields is denoted by F(E X ).
denotes the Banach space of absolutely summable vector fields f , i.e. f 1 := x f (x) < ∞.
A bundle A := {A x } of C*-algebras on X is a bundle of Banach spaces for which every A x is a C*-algebra. In this case following [6] any vector field on A X is called an 'operator field'. For a complex valued function f on X we letf denote the operator field on A X defined by x → f (x)1 x where 1 x denotes the unit of A x . We callf 'scalar valued operator field' associated to f and A X .
It is clear that F(A X ) is a *-algebra and ℓ ∞ (A X ) is a C*-algebra with point wise operations. For two bundles A X , B Y of C*-algebras we denote by A X ⊗ B Y the bundle {A x ⊗ B y } of C*-algebras on the cartesian product X × Y . For an operator field F on A X ⊗ B Y we often write F x,y instead of F (x, y). Analogously A X ⋆ B Y denotes the bundle {A x ⋆ B y }. Our main definition is as follows.
Definition 2.1. Let A X be a bundle of C*-algebras. Then D ∈ F(A X ⊗ A X ) is called a metric operator field (mof for abbreviation) on A X if the following conditions are satisfied.
(i) There is a family {µ x } of states, called metric-states, with µ x ∈ S(A x ) such that for every
the *-morphism that puts unit in the middle:
Let D be a mof on A X . Then for any family {µ x } of metric-states the positive valued function and suppose that for every x we are given an embedding of C(x) into a C*-algebra A x . Then for
It is easily checked that D is a mof on A X := {A x }. Suppose that for every x y x be an element of x. Then the family {δ yx } of point-mass states is a family of metric-states for D.
The ordinary metrics D · and D µ (for any family {µ x } of metric-states) are equivalent and make N ∞ to compact metric spaces.
Analogues of this construction are considered below.
Similarly let D×R be the operator field on
(Note that by definition there are canonical embeddings from A x , B y into A x ⋆ B y and hence from
We now show that for a mof space (A X , D) any family {µ x } of metric-states induces in a natural way a 'probabilistic metric' on X. Recall that a probabilistic metric space [15] is a pair (X,
where X is a set and for every x, x ′ ∈ X, P x,x ′ is a Borel probability measure on [0, ∞) satisfying in the following four conditions:
(i) P x,x = δ 0 where δ 0 denotes point mass probability measure concentrated at 0.
Let A be a C*-algebra, a be a positive element of A, and µ ∈ S(A). We denote by P (a, µ) the Borel probability measure on [0, +∞) induced by spectral measure of image of a in GNS representation associated to µ. Alternatively P (a, µ) can be constructed as follows. Consider A as a subalgebra of its enveloping von Neumann algebra A * * [4] . Then a has a canonical spectral measure E a with values in projections of A * * , and for every Borel subset G of [0, +∞) we have P (a, µ)(G) = µE a (G).
Note that for a closed set G we have P (a, µ)(G) = 1 iff σ µ (a) ⊆ G where σ µ (a) denotes the spectrum of image of a in GNS representation associated to µ. Theorem 2.6. Let (A X , D) be a mof space and {µ x } be a family of metric-states for D. For every
Proof. The only thing that needs a little explanation is the probabilistic triangle inequality. Suppose that for real numbers r, s ≥ 0 we have
The proof is complete.
Lipschitz algebras
Throughout this section, let (A X , D) be a fixed mof space. For f ∈ F(A X ) we let
It is easily checked that · D is a seminorm (that may take value ∞). An operator field f is 
we have:
It follows that if f, g commute with
We call Lip(D) 'Lipschitz algebra' of D.
Proof. (i),(ii) are easily checked and (vii) is trivial. Let x 0 be the distinguished element of X. 
Some basic properties and examples of Lipschitz operator fields
In order to define f D we can use, instead of (1), the ordering between positive elements provided that f commutes with D:
Lemma 4.1. Let D be a mof on A X . Suppose that f in F(A X ) commutes with D. Then f is Lipschitz iff there is a real number r > 0 such that
In this case f D is equal to least number r > 0 satisfying the above inequality.
Proof. By definition we have f D ≤ r iff
Since f commutes with D the latter inequality is satisfied iff (4) is satisfied. Proof. Suppose that f ∈ F(A X ) is Lipschitz and commutes with D. By Lemma 4.1 we have
This proves (i). The proof of (ii) is straightforward. 
Proof. It follows directly from Proposition 4.2(ii).
If (X, d) is an ordinary metric space then it is well-known that for every x 0 ∈ X the function
is a Lipschitz function. Analogously for mof spaces we have:
Proof. Let x = x ′ . We have
where
The following theorem shows that our theory of Lipschitz algebras of operator fields is different from theory of Lipschitz algebras of functions over ordinary metric spaces. For the proof we need the following lemma that its proof is easy and omitted. Proof. Let F i↔j denote *-isomorphism between tensor products of C*-algebras which switches between i'th and j'th components. By triangle inequality we have Proposition 4.8. Together with the above assumptions suppose that the operator field f ∈ F(A X ) is normal i.e. f f * = f * f . Then f is Lipschitz w.r.t.d iff there is a real constant r > 0 such that
In this case f D is equal to least number r > 0 satisfying (5).
Proof. The C*-subalgebra of A x generated by f (x) and 1 x is canonically identified with C(σ(f (x)).
Via this identification f (x) is distinguished by the identity function
is equal to supremum in (5) . Now the proposition follows from Lemma 4.1.
The following corollary is a direct consequence of Proposition 4.8.
Corollary 4.9. Together with the above assumptions suppose x ∈ X is a limit point of X. Let f ∈ F(A X ) be a Lipschitz operator field w.r.t.d. Then f (x) is a scalar multiple of 1 x .
Proof. Firstly suppose that f is also normal. Then the limit of the supremum in (5) when x ′ → x is zero. It is possible only if σ(f (x)) be singleton. Thus f (x) must be a scalar multiple of 1 x . Now suppose that f is an arbitrary Lipschit operator field. Then
Lipschitz operator fields. Hence
) are scalar multiples of 1 x . It follows that f (x) is also a scalar multiple of 1 x . Theorem 4.10. Together with the above assumptions suppose that every point of X is a limit point. Then the assignment f →f defines a surjective isometric *-isomorphism from Lip(d) onto
Lip(d).
Proof. It follows directly from Proposition 4.2(ii) and Corollary 4.9.
Dual Lipschitz algebras
The 'de Leeuw's map' Φ [16, Chapter 2] is defined to be the map that associates to any operator field f on A X the operator field Φ(f ) on A (2)
There is a natural ℓ ∞ (A X )-bimodule structure on ℓ ∞ (A
X (2) ) defined as follows. 
Proof. (i) and first part of (ii) are easily seen. Suppose that D is bounded and Φ is inner. Let
for every f ∈ Lip(D) and every
On the other hand we have Φ(f x )(x ′ , x) = D x ′ ,x F x ′ ,x . This shows that F = D −1 and hence D −1 is bounded out of the diagonal of X × X.
The converse is trivial and the proof is complete.
From here to the end of this section we suppose that (A X , D) is a pointed mof space such that A X is a bundle of von Neumann algebras. We also let x 0 denote the distinguished element of X.
For every x we denote by A 0 x the predual of A x and by A 0 the bundle {A 0 x } of Banach spaces on X. We have a canonical isometric isomorphism between ℓ 1 (A 0 X ) * and ℓ ∞ (A X ). Thus the C*-algebra ℓ ∞ (A X ) is a von Neumann algebra. Let A x⊗ A x ′ denote von Neumann tensor product of A x and
Neumann algebras on X (2) . Then ℓ ∞ (A(
2)
X (2) ) is a von Neumann algebra and we have a canonical inclusion ℓ ∞ (A (2)
X (2) ). The following lemma is similar to [16, Lemma 2 
Proof. First of all note that
in A x⊗ A x ′ for every x, x ′ with x = x ′ . Thus we must show that
for every normal functional α on A x⊗ A x ′ . The restriction of any α to A x (via the canonical
Hence by assumption we have
Now we can conclude the validity of (6) from the fact that left and right multiplication by a fixed element in a von Neumann algebra is weak*-continuous [11, Proposition 3.6.2].
Proof. Let M > 0 be a bound for f i D 's. As in the proof of Lemma 5.2 we can see that the convergence in (6) is satisfied for every normal functional α on A x⊗ A x ′ . Thus we have
This implies that f D ≤ M . Suppose that f i ∈ Lip 0 (D). For every α as above we have
Thus f ∈ Lip 0 (D). The proof is complete. 
X (2) ) is isometric isomorphic to L. Thus to prove L is a dual Banach space it is enough to show that Φ(L) is weak*-
X (2) ) and such that (Φ(f i )) i is a · ∞ -bounded net. If we show that F ∈ Φ(L) then it follows from KreinSmulian Theorem that Φ(L) is weak*-closed. So let's do that. We have Φ(f i )(x, x 0 ) weak * / / F (x, x 0 ) for every x with x = x 0 . This implies that
x,x 0 . We end this section by a result on amenability of Banach algebras. Recall that a Banach algebra is called 'amenable' [3] if every bounded derivation of the algebra to any dual Banach bimodule is inner. The notion of 'continuous field of C*-algebra' is due to Dixmier [4] . Here we consider his definition with a little modification. (ii) For every f ∈ A the function x → f (x) is continuous on X.
Thus for every
(iii) Suppose that g ∈ ℓ ∞ (A X ) has the following property. For every ǫ > 0 and every x there exist open subset U x,ǫ of X and operator field f x,ǫ ∈ A such that sup y∈Ux,ǫ g(y) − f x,ǫ (y) < ǫ.
Then g ∈ A.
The main result of this section is as follows. Suppose that g ∈ ℓ ∞ (A X ) has the property stated in the third condition. We must show that g ∈ C(D). Let ǫ > 0 be arbitrary and fixed. Since X is compact there are finite open cover U 1 , . . . , U n of X and operator fields f 1 , . . . , f n ∈ C(D) such that for every x ∈ U i , g(x)−f i (x) < ǫ.
Again since X is compact and Hausdorff there is a partition of unity h 1 , . . . , h n of X subordinate to U 1 , . . . , U n , that is, for every i, h i : X → [0, 1] is a continuous function such that supp(h i ) ⊆ U i , and for every x ∈ X, i h i (x) = 1. By Theorem 6.2(ii), h i f i ∈ C(D) and hence f := i h i f i ∈ C(D).
It is easily checked that g − f ∞ ≤ ǫ. This shows that g ∈ C(D).
